In this paper, the theory of harmonic maps is extended. The soliton or travelling wave solutions of Euler's equations of the extended harmonic maps are studied. In certain cases, the chaotic behaviours of these partial equations can be found for the particular case of the metrics and the potential functions of the extended harmonic equations.
Introduction
All physical processes are described by differential equations. Over the last several decades, many nonlinear ordinary differential equations have been found to exhibit chaotic behaviours, such as the nonlinear equation for a parametrically excited pendulum given by 
where k, α and β are control parameters, and the equation for a harmonic system in periodic fields 2 given by ) ( Over the last several decades, many nonlinear ordinary differential equations possessing chaotic behaviours have been discovered 4 . To date, the study of chaotic behaviours using the space distribution of nonlinear partial differential equations has been rare and is currently only in its initial stage. In this paper, we use the extended theory of harmonic maps to show that chaotic behaviours exist for a certain class of nonlinear partial differential equations.
Three decades ago, Duan proposed a method to solve the Euler's equations of harmonic maps (HM) 5 , in which the solution of the Euler's equations of HM was found by solving the Laplace-Beltrami's equation and the geodesic equations. Using this method, the general solutions of Einstein equations in general relativity have been discussed. From the viewpoint of physics, the traditional theory of harmonic maps contains only the kinetic energy term. For a wider application of this method, the Lagrangian of the traditional HM theory must be supplemented with a potential energy term 6 . This extended HM theory is helpful for studying the travelling wave or soliton solutions of some types of nonlinear partial differential equations.
Here, we first establish an extended theory of harmonic maps and discuss the travelling wave or soliton solution of the Euler's equations of the extended HM. We then use the extended theory of HM and study two special cases for which the chaotic behaviours of some types of partial differential equations are found. The theory and method could be helpful for studying the existence of soliton solutions and the chaotic behaviours of more types of partial equations, possibly providing a further link between the extended HM theory and quantum entanglement via common classical chaos 7 .
The Extended Theory of Harmonic Maps
The theory of harmonic maps [8] [9] [10] became an important branch of mathematical physics many years ago and has been applied to a wide variety of problems in mathematics and theoretical physics. In this section, we first describe the formulation of the extended theory of harmonic maps. 
It is obvious that the traditional HM corresponds to the case of 0 ) (   V . The conditions for a map to be harmonic are given by the Euler's equations
By substituting (6) into (5), we can obtain the Euler's equations of extended HM given by
where A BC  are the Christoffels symbols on manifold N given by
To study a special type of solution of partial differential equation (7), following reference 5 , we investigate the case where 
By substituting (9) into (7), equation (7) can be written as
It is easy to see that if the function (12) equation (11) will take the form
is a scalar function on the manifold M. Because f is not the function of
Equation (15) can viewed as the geodesic equation of a particle on the Riemannian manifold N subjected to an external force
This will become equivalent to the usual geodesic equations on the manifold N if the external force 0  A F (A=1, 2, ..., n).
A more general form of equation (15) can be written because the existence and uniqueness of the solution of the above equation has been discussed 11 . Therefore, generally, a solution of (15) From (11), (12) and (14), we see that if Φ A satisfies the geodesic equations with an external force on the manifold N, i.e., 
and choosing Fock's harmonic coordinates that always exist in pseudo-Riemannian M 12 , i.e.,
equation (18) is evidently satisfied. This means that
is indeed a solution of equation (12) and that the scalar function f defined by (13) is of the form
Therefore, the solution of the equations of motion (15) on the manifold N with given initial conditions can be formally expressed as
The above expression shows that the partial differential equations of the extended HM (7) in pseudo-Riemannian space-time possess solutions.
In the case that the manifold M is the pseudo-Euclidean space-time 
In this case, the extended HM equation (7) becomes 0 ) (
Chaotic soliton solutions of the extended HM equations
In the previous section, it has been noted that there exist travelling wave or soliton solutions of the partial differential equations of the extended HM (7) (26) and (27) 
To make the equation have the same form as equation (2), we assume that the metrics on manifold N are diagonal and take the following form: 0 ; ) 1 ( ;
where k is a constant, and the potential function V(Φ, σ) takes the form
Substituting (8), (29), (30) and (31) into equation (28), we obtain
Comparing the above equation for with equation (2), we find that they are of the same form. It has been shown that equation (2), i.e., the equation of a harmonic system in a periodic field, possesses chaotic states that are characterized by the existence of a strange attractor in the phase space. This implies that equation (32) for ) (  should possess the same chaotic states as (2). Because equation (32) is deduced from the special case of equation (14), it determines the form (shape) of soliton
, as discussed in the previous section. Therefore, the chaotic states of equation (32) mean that the form (shape) of solution determined by this equation exhibits chaotic behaviours, and we call this type of solution of (32) the chaotic soliton. From the above discussion, it is obvious that the partial differential equation (33) possesses a special type of a chaotic soliton solution.
In the following, we study another example, for which the function ) , 
This is merely the nonlinear equation of a parametrically excited damped pendulum (1) . Reference 4 has explored in detail the chaotic behaviours of this equation. The partial differential equation corresponding to (35) can be obtained using (24), (29), (30) and (34). That is,
As discussed in the first example, we know that this partial differential equation also has chaotic soliton solutions. The chaotic behaviour of such solitons of equation (36) is determined by the time-evolution curve of the amplitude of the parametric pendulum model.
The two examples discussed above are both nonlinear damped oscillator systems that are the special cases of the Duffing equation 4 . with the form (shape) of the solitons determined by the time-evolution curve of the amplitude described by the diffusion equation (37)
Conclusion
The theory presented in this paper is helpful for studying the existence of the soliton and chaotic soliton solutions for certain types of nonlinear partial differential equations. Using the Lorentz model 3 , which is the standard model for the study of chaos theory, we have deduced a system of nonlinear partial differential equations. These equations possess chaotic travelling wave or soliton solutions with the space distribution.
